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DYNAMIC STABILITY OF THREE-LAYER PLATES
WITH REGARD TO TRANSVERSE DEFORMATIONS IN A FILLER

V. M. Ermolenko UDC 539.3

The equations of stability of three-layer plates taking into account transverse deformations in a filler
obtained in [1] make it possible to study local loss of stability of load-carrying layers that can occur at lesser
critical load than that required for general loss of stability. The problem on dynamic loss of stability of three-
layer plates and rods is more interesting from the practical point of view. As three-layer plates and rods
are elements of structures exploited under dynamic in-plane loads, it is necessary to take into account the
possibility of the two above mentioned forms of loss of stability.

In this paper the equations and boundary conditions of the problem of dynamic stability of three-
layer plates are obtained by a variational method. The applied method allows one to establish a complete
correspondence between the force and kinematic factors and to derive correct boundary conditions.

We shall use the notation in [1]. The coordinate plane z;zy is aligned with the middle surface of
the filler. Let us denote the sizes of the plate along the edges by I, l2; k1, ke, h3 = 2c are, respectively,
the thicknesses of the load-carrying layers and the filler. Kirchhoff’s hypothesis is used for the load-carrying
layers, and the filler is regarded as a transversally-isotropic elastic body with the plane of isotropy parallel to
its middle one.

Displacements w® along the thickness of the filler are linear

3

1 1
w® = §(w1 +w?) + §zgc—1(w1 —w?).

Tangential displacements in the layers are represented as

c
u} = u; 4+ ca; — Z(w1 — wz),,' —(z3 — c)wl,,' (e<z3 < c+ hy),

c
u? = u; — ca; — Z(wl —wh);—(z3+ )w?; (—hy—e < z3 < —c),

2
u = u; + z30; — %(w1 —w?),; (~e<z3<e) (i=1,2),

where u; and 2ca; are the displacements of the points of the middle surface and the absolute shears of the
boundary planes of the filler along the z; axis; the index i after the comma, denotes differentiation with respect
to coordinate z;.
Hereafter the following two functions are used:
w= %(w1 +w?), v= E(w1 — w?).
Strains are determined in the standard manner. Stresses are related to strains by Hooke’s law. Their full
expressions are presented in [1].

We derive the equations of dynamic stability of a three-layer plate using the Hamilton—-Ostrogradskii
principle [2]:
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2
/6Ldt=0.

Here t1, t2 are the fixed initial and final instants of time; § means the variation; L is the Lagrangian;
6L =6K —6U +6A (1)

(A is the work of the external forces; U is the strain energy of warping; K is the kinetic energy.) Variations
of the strain energy of warping and the work of external contour forces are presented in [1]:

hly 9 o
§U = // [Z ) Z [ kbl dag + Z [ ohsety dmg] dzy dza,
i=1 ]—1 k=1 (hk) i=1 (h3)
. (2)
LRI | owt duwt  ow* Guwk
2//[2;;7/ (03: 68xj+0xj63x,>dx3]dxld$2
Let us write the variation of kinetic energy of the plate in line with [2] in the form of
[N
6K = L 0t2 8 5 5u) dmg] dzy dzs. (3)

In the expression (2) T,’C are the contour forces acting a.long the contour of the kth layer; in the subcritical
state, in order for the moments to be absent, these forces should be proportional to the rigidities 4, l.e.,
Tl] = ¢ Tij (Ti; is the resultant of the external forces applied to the layers).

Let us introduce the notation: h = hy + ho + k3, tg = hp/h, E = Eit1 + Eato + Ests, v = Ephi/E,

3
p=h"1'Y prhr, k = prhie(ph)~!. Here E; and p; are the Young’s modulus and densities of the layers
k=1
(k =1, 2, 3). Evidently, we have the equalities ) vx =1, >ty = 1, ¥ 7 = 1 (& and i are, respectively,
k k k

the dimensionless rigidities and densities of the layers respectively). Then

11 12 2 2 2
sa-sv= | { ) [(Nl,-,l + Nai)bus + (Huia + Haiz — QD6ai] + L | 32 (Migis — TRy ) + QL] ow
00 1=1 1=1 "~ j=1
2 2 1 g
+ [Z > (Liji; — Ti554) — ZQ%] 5v} drydzy — / [Z(Nm?uz' + Higbai) + (Maz2 + 2M12,1
1=13=1 0 =1

)
+ Q3 — TooR,2—Ti2R,1 )6w + (L2g2 + 2L121 — T22S5,2—T125,1 )6v— M225w,2—Lzz5v,2]0 dzy

I 9

— / [Z(Nnt?uz' + Hiba;) + (My1 + 2Mi22 + Q3 — T R,1 —Ti2R,2 )éw (4)
0 =1

+ (L1131 + 2L12,2 — T11 5,1 —T125,2 )6v — My16w,) —L116v,1] dzy + 2[My2éw + L125v]0 s

R=w+(n—-m), S=nm-rwt+n+r+ gvs)v.

Specific efforts are introduced into these equations [1]

Nij = N+ NL+ N%, Mij = M} + M}

1js 15>
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iy 1y

1
Hij = M} +c(NL = N&),  Lij= M}~ M5+ Ec(Ngj + N2) + G,
N,-kj = / a',kj dzs, Milj = / 0',-1]-(2:3 — ¢)dzs, M,ZJ = / a?j(xg + ¢) dz3,
(k) (k1) (h2)

M,sJ = / a?jx;;d:cg;, G3 = 2 ¢t / a?jz'gd:cg, Q? = / o, des.
(ka) (h3) (k3)
Let us write the variation of kinetic energy 6K defined by (3) as

Liy
8? h h h h h
6K = — //{Z phlu; + Clza: — 5813wy -56140,:]5% + Z phlCioui + = C2ai — =C23w,i — 5 Ev,i )6a;

1=1 2 i=1 2 2 2
hz 2 h h h
+%— Z[CISUi,i + -2-523€li,i - 553310,:':‘ —56341),;'.' +h7 w + (tgh)'l(élg + &13)v]|éw
=]
th 2 h_ h_ h_ ) - 1 9, 1.
+- > lerqui; + 202404~ 5 03Wsis —5044v,ii+(t3h) (12 + @13)w + §t3 h™ Essv]év} dry dzy
1=1
b
h? 92 _ h_ h_ h_ _ h_ h h_
+p7w /[(c13u1 + 5Esa1 — 5Caw,1 ~ 50,1 )éw + (€14u1 + 502401 — 5034w, — 5 Caay J6ul o de2

K2 92 '} h h h h h
+22 8t2/ Ciauz + 02362 — 5C3W,2 ~5C3vy2 Yow + (E14u2 + 5002 ~ 5034wy —55440,2 )6v] (I)zdfl:l,

- _ _ _ _ _ _ _ _ _ ~ - 1_
G2 =t3(71 —F2), @3 =Tt1 — Fote, a3 = t3(Fat1 + Fot2), a2 = t3(F1 +F2 + 373),

4 _ a _ 1 1 _ _ 1_ _ 4 N 1
€33 = 5(7175% +32t3),  C1a =t (Gas + 5622), Coq = t3(C13 + -2-612), C3q4 = 5(71’% — Fat3) + §t3013,

1
5:73) +Cos + 233, Cs5 = i1 (12t2 + 6taty + t3) + Fato(12t% + 6tatz + t3) + 47t

Equating to zero the sum of variations (4) and (5) and collecting together the expressions in front of
the variations of the independent variables du;, 6a;, dw, fv, we obtain the system of equations of dynamic
stability of a three-layer plate:

- 1o _
Caa = Zts("/l + 72 +

2 h h h
Nii+ Moy = Phaatz(ul +5C1201 = 5w, ~5Cav,1),
02 h h h
N Nog o = ph— —¢ —~ ——&
121 + Nozp = phg (uz + 521002 — 5e13w2 —5014v,2),
ph? 9* h h h
H Hoy o — Q3 Gy0a] — —C ——¢
11+ Hap — Q) = 5 at2(012U1 + 5C2201 — 5 C23W,1 5 Y51 ),
ph* & h h h
Hyz1+ Hoo— Q5 = 5 (Cr2us + ~C2a2 — ~Caw,2 ~+C2v,2),
2 2 2 52 2
h* 0 h
> [Z(Mij,ij —TijRij ) + Q?,i] = p2 Fv) Z C1ati,i + 5 T2

=1 " j=1
h

h
—-—2-53310,:':' —5534071}‘ +h7vw 4 (t3h) 7 (@12 + E13)],

455



2 2 2 42
1 ph 0 h_
; 2 (Lijij — T35 ) — Z g =9 0t2 Z[CMTM i -2‘0 104,
=1 j=1
h h + 1 ( + eg)w + 1 I
—_ —~—Caqv ¢13)w
2034w711 2 44V, C12 13 tQhCSS'U
The system can be written in terms of displacements. Let us introduce the potentials
h h
uy = 5(”71 +f2 )7 U2 = 5(”72 ~fa )7 ap = a1 +p,2, a2 =4a,2-p,1.
The equilibrium equations (6) become
Eh? l1—v R? 9?

———————2(1_1/2){A[(u+c12a—c131,u——014v),1+—-—-—-—2 (f+61290),2]}— 5 aﬂ[(u-i-clga 13w —2C14v),1 +H(f +E1290)2],

Eh? 1 ph? 82
2 (frenp)al) = 5 ppluttize—tw—2tw), —(f+ee)a ),

m{A[(uﬂma—clsw—mv),g -
1—
Di[A(c12u + ca2a — ca3w — c24v),1 + 5 Alcraf + cnp),2] — Ghts[(a + w),1 +¢,2]
ph3 0?
= — ——[(C1au + Ca2a — C23w — C24v),1 +(C12f + E2200),2 ],
4 a2
1-v
Di[A(cipu + c22a — co3w — c24v),2 — 5 A(ciaf + cao9) — Ghtz[(a +w),2 —9,1] (1)
_ene e
= —4—5?[(612” + C22a — 3w ~ C24v),2 —(C12.f + C2290) 1 ],
D1AA(c13u + ca3a — c33w — c34v) + GhizA(a + w) — TR
h3 52 4 t
= s {antut anla - (cud — 5w - [Eud - 5(@2 + )i},
4F
D]AA(CMU 4+ co4a — c3q4w — C44v) TS — —h_t\'_?-v
_ ph® 9% R B 4 B _
= 6t2{cl4Au + E24Aa — [C34A ~ 5T ——(€13 + €12)Jw — [Caa DA — mcss]v},

AC)= () +( )s22-

Parameters ¢;; are calculated by the same formulas as ¢;; , but with the difference that in the latter
7y should be replaved by v;; D1 = ER%/(4(1 — v?)). ,

The boundary conditions obtained by equating to zero the displacement variations coefficients are
formulated in [1]. There is a distinction only for the edge free from fixation and external load. For instance,
the boundary conditions from [1, case ¢| will be as follows (z; = zJ):

H?1=0, M?] =0, L(I)I =0, H?2=0,
h3 2
MY +2MY, + QY = R —=[(C13u + C23a — C33w — C34v),1 +(C13f + C230) 2],

ph® 6%
Ln 1+ 2L12 2= Eg[(ému + €240 — C34w — C44v),1 +(Craf + C2a) 2],

i.e., there are dynamical terms in the boundary conditions. Equations (7) are significantly simplified for a
plate of symmetric structure, i.e., when hy = hg, p1 = p2, E1 = Es, then for coefficients ¢;; and &; the
following equalities are valid ¢12 = €12 = ¢13 = 13 = ¢4 = Coq4 = ¢34 = T34 = 0.
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Equations (7) in this case will take the form

Eh? ph2

1—v ~
2(1 — V_—Z)A[(u - Cl4v)71 + 2 f)2] 2 8t2 [( 014’0),1 +f,2 ],
Eh? 1—v ph? 92 )
2(1 — ,,2—)13 [(u — C14v),2 i fu} = _2__6_15_2[@ — 1) 2 —fl,
1l—v 392 ) )
DIA[(Cna ~ casw)n + caap52] — Ghts[(a +w)n +<P,2] = TW[(QN — C3w),1 +Ca20,2],
l—-v phs 52 )
D1A[(622a — c3w),2 — 5 c220,1 ) + Ghiz[(a + w),2 —w,l] =Tz —[(eaza — Ea3w),2 —E22901 ),
biaa GhtsA(a+w) —TR= haaz[ Aa — (E3A 4>]
184 (ez3a — esw) + GhtsAa +w 1 oz |Cne — (Cas 2w,
4Ey ph3 9* B 4
D1AA(C]4u - 6441)) N TS~ Ev - 4 atz [CI4AU (044A 3t2h2 655) ]

1
R=w, S=(m+n+znv

For plates of symmetric structure the system of equations (7) divides into two systems, one of them describes
the local loss of stability and the other, the total loss. Similar simplifications occur also in the boundary
conditions. From the third and fourth equations of (7) one can get one equation to define the function ¢. The
latter equation is related to the other equations by means of boundary conditions. It was assumed in (1] that
the influence of the function ¢ on the static loss of stability is insignificant, and in some cases without great
error we may assume ¢ = 0; we suspect that the same can be assumed in studing the dynamic stability. It
was not hard to get, from the earlier derived equations and boundary conditions, equations and boundary
conditions for the problem of the dynamic stability of a three-layer rod.
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